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Abstract

The ideal boundary of a discontinuity is defined as that boundary along

which there is no stress concentration. Photoelastically an isochromatic

coincides with the ideal boundary . This property is used to develop experi-

mentally ideal boundaries for some cases of technological interest. The

concept of “coefficient of efficiency” is introduced to evaluate the degree

of optimization. The procedure to idealize boundaries is illustrated for the

two cases of the circular tube and of the perforated rectangular plate, with

prescribed functional restraints and a particular criterion for failure. An

ideal design of the inside boundary of the tube is developed which decreases

its maximum stress by 25% , at the time it also decreases its weight by 10%.

The efficiency coefficient is increased from 0.59 to 0.95. Tests with a

brittla material show an increase in strength of 20%. An ideal design of

the boundary of the hole in the plate reduces the maximum stresses by 26%

and increases the coefficient of efficiency from 0.54 to 0.90.
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Previous Technical Reports to the Office of Naval Research

1. A. J. Durelli, “Development of Exper imental Stress Analysis Methods to
Determine Stresses and Strains in Solid Propellant Grains”-—June 1962.
Developments in the manufacturing of grain-propellant models are
reported. Two methods are given: a) cementing routed layers and
b) casting.

2. A. J. Durelli and V. J. Parks , “New Method to Determine Restrained
Shrinkage Stresses in Propellant Grain Models”-—October 1962.
The birefringence exhibited in the curing process of a partially
restrained polyurethane rubber is used to determine the stress associated
with restrained shrin3cage in models of solid propellant grains partially
bonded to the case.

3. A. J. Durelli , “Recent Advances in the Applicaticn of Photoelasticity in
the Missile tndustry”-—October 1962.
Two- and three-diinensiona.1. photoelastic analysis of grains loaded by
oressur e and by temperature are presented. Some applications to the
optim ization of fillet contours and to the redesign of case joints are
also included .

U. . A. J. flurelli and V. J. Parks , “Experimental Solution of Some Mixed
Boundary Value Problems”-—April 196U..
Means of applying known displacements and known stresses to the boundaries
of models used in exper imental stress analysis are given. The applica-
tion of some of these methods to the analysis of stresses in the field
of solid propellant grains is illustrated. The presence of the “pinching
effect” is discussed.

5. A. J. DureLli , “Brief Review of the State of the Art and Expected Advance
in Experimental Stress and Strain Analysis of Solid Propellant Grains ”--
April 196U. .
A brief review is made of the state of the experimental stress and strain
analysis of solid propellant grains. A discussion of the prospects for
the next fifteen years is added .

6. A. J. Durelli , “Exper imental Strain and Stress Analysis of Solid Propellant
Rocket Motors”--March 1965.
A review is made of the experimental methods used to strain—analyze solid
propellant rocket motor shells and grains when subjected to different
loading conditions. Methods directed at the determination of strains in
actual rockets are included .

7. L. Ferrer , V. J. Parks and A. J. Durelli , “An Experimental Method to Analyze
Gravitational Stresses in Two-Dimensional Prob.Lems ” -—O ctober 1965.
Photoelasticity and moir4 methods are used to solve two-dimensional problems
in which gravity-stresses are present.
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8. A. J. Durelli, V. 3. Parks ar.d C. J. del Rio, “Stresses in a Square Slab
Bonded on One Face to a Rigid Plate and Shrunk”-—November 1965.
A square epoxy slab was bonded to a rigid plate on one of its faces in
the process of curing. In the same process the photoelastic effects
associated with a state of restrained shrinkage were “frozen—in .”
Three-dimensional phocoelasticity was used in the analysis.

9. A. J. Durelli, V. J. Parks and C. J. del Rio, “Experimental Determination
of Stresses and Displacements in Thick-Wall Cylinders of Complicated
Shape”——April 1966.
Photoelasticity and moir~ are used to analyze a three-dimensional 

rocket
shape with a star shaped core subjected to internal pressure.

10. V. J. Parks, A. J. Durelli and L. Ferrer, “Gravitational Stresses
Determined Using Immersion Techniques”--July 1966.
The methods presented in Technical Report No. 7 above are extended to
three-dimensions. Immersion is used to increase response.

II. A. J. Durelli and V. J. Parks. “Experimental Stress Analysis of Loaded
Boundaries in Two-Dimensional Second Boundary Value Problems ”--
February 1967.
The pinching effect that occurs in two-dimensional bonding problems ,
noted in Reports 2 and U. above, is analyzed in some detail .

12. A. J. Durelli , V. J. Parks, H. C. Feng and F. Chiang, “Strains and
Stresses in Matrices with Inserts,”-- May 1967.
Stresses and strains along the interfaces, and near the fiber ends, for
different fiber end configurations, are studied in detail.

13. A. J. Durelli, V. J. Parks and S. Uribe, “Optimization of a Slot End
Configuration in a Finite Plate Subj ected to Uniformly D istributed
Load ,” — -’June 1967.
Two-dimensional photoelasticity was used to study various elliptical ends
to a slot, and determine which would give the lowest stress concentration
for a load normal to the slot length.

1~. A. J. Dureili, ‘1. ~J. Parks and Han-Chow Lee, “Stresses in a Split
Cylinder Bonded to a Case and Subjected to Restrained Shrinkage,”-—
January 1968.
A three-dimensional photoelastic study that describes a method and
shows results for the stresses on the free boundaries and at the
bonded interface of a solid propellant rocket .

15. A. J. Durelli, “Experimental Stress Analysis Activities in Selected
European L~ boratories”——August 1968.
This report has been written following a trio conducted by the author
through several European countries . A list is given of many of the
laboratories doing important experimental stress analysis work and of
the people interested in this kind of wcrk. An attempt has been made
to abstract the main characteristics of the methods used in some of
the countr ies visited .
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4 16. 7. S. ?ar~s, A. 5. Durefli ar.d . Ferrer , “Constant Acceleration Stresses

in a Composite 2ody”--Cct~ ber 1368.
Use of the immersion analogy to determine gravitational stresses in
two-dimensional bodies nade of iaterials with different properties.

17. A. J. Durelli, J. A. Clark and A. Kochev, “Experimental Analysis of High
Frequency Stress 4aves in a Ring ”-—October 1368.
A method for the complete experimental determination of dynamic stress
distributions in a ring is demonstrated. Photoelastic data is supple—
mented by measurements with a capacitance gage used as a dynamic lateral

I
18. J. A. Clark and A. J. Durelli, ‘A Modified Method of Holographic Int er—

ferometry for Static and Dynamic ?hotoelasticity”-—April 1968.
A simplified absolute retardation approach to photoelastic analysis is
described . Dynamic isopachics are presented.

19. J. A. Clark and A. S. Durelli, “Photoelastic Analysis of Flexural Waves

in a Bar”-—May 1969.
A complete d irect , full-field optical determination of dynamic stress
distribution is illustrated. The method is applied to the study of

• flexural waves propagating in a urethane rubber bar. Results are
compared with approximate theories of flexural waves.

• 20. J. A. Clark and A. J. DureLli, “Optical Analysis of Vibrations in
Continuous Media”--June 1969.
Optical methods of vibration ana. ysis are described which are independent
of assumptions associated with theories of wave propagation. Methods are
illustrated with studies of transverse waves in prestressed bars, snap
loading of bars and motion of a fluid surrounding a vibrating bar.

21. ‘1. J. Parks , A. J. Durelli, K. Chandrashekhara and T. L. Chen, “Stress
Distribution Around a Circular Bar, with Flat and Spherical Ends,
Embedded in a ~atrix in a Thiaxial Stress Field ” -—Jul y 1969.
A Three—d imensiona l phocoelastic rnethod to determine stresses in composite
materials is applied to this basic shape. The analyses of models with
different loads are combined to obtain stresses for the triaxial cases.

22. A. J. Durelli, V. 3. Parks and L. Ferrer , “Stresses in Solid and Hollow
• Spheres Subjected to Gravi ty or to ~‘Iormal Surface Tractions ”— —

October 1969.
The method described in Report ~4o. ~O above is applied tc two specific
problems . An approach is suggested :o extend the solutions to a class
of surface tract ion problems.

23. S. A. Clark and A . J. ure~li, “Separatic~ of Additive and Subtracti’re
Moir 4 ?atterns”--i)ecember 13~3.
A spatial filtering :echni:ue for i~ding and subtracting images of several
gratings is described and employed to determine the whole field of
Cartesian shears ~nd ri gid rotations.
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• 2~&. R. S. Sanford and A. S. DurelLi, “interpretation of Fringes in Stress—
Halo- Interferometry ” --July 1970.
~ ‘rors associated with int erpreting stress-holo-interferometrY patterns
as the superposition of isopachics (with half order fringe shifts) and
isochr omatics are analyzed theoretically and illustrated with computer
generated holographic interference patterns .

25. 5. A. Clark , A. S. Dureill and P. A. Laura , “O n the Effect of Initial
Stress on the Propagation of Flexural Waves in Elastic Rectangular
Bars”-—December 1970.
Experimental analysis of the propagation of flexural waves in prismatic ,
elastic bars with and without prestressing . The effects of prestressing
by axial tension, axial compression and pure bending are illustrated.

26. A. J. Durelli and J. A. Clark, “Experimental Analysis of Stresses in a
Buoy-Cable System Using a Birefringent E’luid” -— February 1971.
An extension of the method of photoviscous analysis is presented which
permits quantitative studies of strains associated with steady state
vibrations of immersed structures. The method is applied in an
investigation of one form of behavior of buoy-cable systems loaded by
the action of surface waves.

27. A. J. Durelli and T. L. Chen, “Displacements and Finite-Strain Fields in
a Sphere Subjected to Large Deformations”--FebrUary 1972.

• Displacements and strains (ranging from 0.001 to 0.50) are determined in
a polyurethane sphere subj ected to several levels of diainetral compression .

A 500 lines-per-inch grating was embedded in a meridian plane of the
sphere and moir~ effect produced with a non-deformed master . The maximum
applied vertical displacement reduced the diameter of the sphere by 27
per cent .

28. A. J. Durelli and S. Machida , “Stresses and Strain in a Disk with Variable
Modulus of Elascicity”-—March 1972.
A transparent mater ial with variable modulus of elasticity has been
manufactured that exhibits good photoelastic properties and can also be
strain analyzed by moir4. The results obtained suggests that the stress
distribution in the homogeneous disk . It also indicates that the strain
fields in both cases are very different , but that it is possible, approxi-
mately, to obtain the stress field from the strain field using the value
of E at every point, and Hooke’s law.

29. A. S. DurelJ.i and S. Buitrago, “State of Stress and Strain in A Rectangular
Belt Pulled Over a cylindrical Pulley” -—Ju ne 1972.
Two- and three-dimensional photoelasticity as well as electrical strain
gages , dial gages and micrometers are used to determine the stress
distribution in a belt-pulley system . Contact and tangential stress f  or
var ious contact angles and ~~iction coefficients are given.
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30. T. L. Chen and A . J. Durelli, “Stress Field in a Sphere Subjected to
Large Deformations ”--JUne 1972 .
Strain fields obtained in a sphere subjected to large diametral compressions
fr om a previous paper were converted into stress fields using two approaches.
First, the concept of strain—energy function for an isotrop ic elastic
body was used. Then the stress field was determined with the Hookean
type natural stress-natural strain relation . The results so obtained
were also compared.

31. A. J. Durefli, V. J. Parks and H. M. Hasseem, “Helices Under Load”-—
July 1973.
Previous solutions for the case of close coiled helical springs and for
helices made of thin bars are extended. The complete solution is
presented in graphs for the use of designers. The theoretical development
is correlated with experiments.

32. T. L. Chen and A. J. Durelli , “Displacements and Finite Strain Fields in
a Hollow Sphere Subjected to Large Elastic Deformations ” -—September 1973 .
The same methods described in No. 27, were applied to a hollow sphere
with an inner diameter one half the outer diameter . The hollow sphere
was loaded up to a strain of 30 per cent on the mer idian plane and a
reduction of the diameter by 20 per cent.

33. A. J. Durel.Li, H. H. Hasseem and V. J. Parks , “New Experimental Method
in Three—Dimensional Elastostatics”——December 1973.
A new material is reported which is uni que among three—dimensional
stress-freezing materials, in that, in its heated (or rubbery) state
it has a Poisson ’s ratio which is appreciably lower than 0.5.  For a
loaded model, made of this material, the unique property allows the
dir ect determination of stresses from strain measurements taken at
interior point s in the model .

3’i.. S. Wolak and V. J. Parks, “Evaluation of Large Strains in Industrial
Applications ” — — A priJ. l97~ .
It was shown that Mohr’ s circle permits the transformation of strain from
one axis of reference to another , irrespective of the magnitude of the
strain , and leads to the evaluation of the principal strain components
from the measurement of direct strain in three directions .

35. A. J. Durelli, “Experimental Stress Analysis Activities in Selected
European Laboratories”--April 1975.
Continuation of Report No. 15 after a visit to Belgium, Holland, Germany,
France , Turkey , England and Scotland .

36. A. S. DureLli, V. J. Parks and J. 0. BUhier—Vidal , “Linear and Noc~-1inear
Elastic and Plastic Strains in a Plate with a Big Hole Loaded Axially in
its Plane ”--July 1975.
Strain analysis of the ligament of a plate with a big hole indicates that
both geometric and material non-linearity may take place . The strain
concentration factor was found to vary from 1 to 2 depending on the level
of deformation.
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37. A. J. Durelli , V. Pavlin , J. 0. 3Uhler-Vidal and G. Ome, “Elastos cat ics
of a Cubic Box Subjected to Concentrated Loads”——August 1975.
Analysis of experimental strain , stress and deflection of a cubic box
subjected to concentrated loads applied at the center of two opposite
faces. The ratio between the inside span and the wall thickness was
varied between approximately 5 and 121.

38. A. J. Durelli, V. J. Parks and 5. 0. BUhier—Vidal, “Elastostatics of
Cubic Boxes Subjected to Pressure”——March 1976.
Experimental analysis of strain , stress and deflections in a cubic oox
subjected to either internal or external pressure. Inside span—to—wall
thickness ratio varied from 5 to 14.

39. Y. Y. Hung, J. D. Hovanesiari and A. J. Durelli , “New Optical Method to
Determine Vibration—Induced Strains with Variable Sensitivity After
Recording ”——N oveznber 1976.
A steady state vibrating object is illuminated with coherent light and
its image slightly misfocused. The resulting specklegram. is “time—
integrated” as when Fourier filtered gives derivatives of the vibrational
amplitude.

40. Y. Y.  Hung , C. - Y. Liang , S. D. Hovanesian and A. J. Durelli, “Cyclic
Stress Studies by Time—Averaged Photoelasticity”——Nov ember 19 76 .
“Time—averaged isochromatics ” are formed when the pho tographic film is
exposed for- more than one period . Fringes represent amplitudes of the
oscillating stress according to the zeroth order Bessel function.

41. Y. Y. Hung , C. Y. Liang, 5. D. Hovanesian and A. .1. Durelli , “T ime—
Averaged Shadow Moire Method for Studying Vibrations”——November 1976.
Time—averaged shadow moir4 permits the determination of the amplitude
distribution of the deflection of a steady vibrating plate.

42. J. Buitrago and A. J. Durelli, “On the Interpretation of Shadow—Moir~
Fringes”——Apr il 1977.
Possible rotations and translations of the grating are considered in a
general expression to interpret shadow —moir 4 fr inges and on the
sensitivity of the method. Application to an inverted perforted tube.

43. 5. der Hovanesian , “18th Polish Solid Mechanics Conference. ” Pub l ished in
European Scientific Notes of the Of f i ce  of Naval Research, in London,
England , Dec. 31, 1976.
Comments on the planning and organization of , and scientific content of
paper presented at the 18th Polish Solid Mechanics Conference held in
Wisla—Jawornik f rnm September 7—14, 1976.

44. A. J. Durell i , “The D i f f i c u l t  Choice , ” —— May 1977.
The advantages and limitations of methods available for  the analyses
of dis p lacemen ts , st rain , and stresses are considered . Comments are
mad e on several theo reti cal app r oaches , in particular approximate
methods , and a t tent ion is concentrated on experimental methods : photo—
elast ici ty,  moi r~ , br i t t l e  and photoe last ic coatings , gages, grids ,
holography and speckle to solve two— and three—dimensional problems in
elasticity , p lastici ty,  dynamics and anisotropy.
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45. C. Y. Liang, Y. Y. Hung, A. J. Durelli and J. D. Hovanesian,
“Direct Determination of Plexural Strains in Plates Using Projected
Gratings,” —— June 1977
The method requires the rotation of one photograph of the deformed
grating over a copy of itself. The moire produced yields strains by
optical double differentiation of deflections. App lied to projected
gratings the idea permits the study of plates subjected to much larger
deflections than the ones that can be studied with holograms.
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OI’ T IHI ZAT ION OF GEOMETR IC l ) I SC ONT 1NUI T1 ES IN STRESS FIEL D S

i n t r o d u c t i o n

Some f i f t y  years ago the subjec t  of s t ress concent ra t ions  deserved a

great deal of i n t e r e s t  f rom scient is ts  and engineers .  Changes in the

u n i f o r m  sha~~’.± o ’ a comp o n e nt  ci i s tu r b  Lic e s t ress  d i s t r i b u t i o n, and most  of V

the t ime in c reasus  Lhc nhc x il cl u c i c ~L r c~~~. t h i s  f a c t  was likely to have an

inf luence on f a i lu re  and excited the imagination of theoret ic ians f i r s t ,

and exper imental ist s  later , to find means to determine the value of the

increase in stress. Kirsch~~~ was probably the first one who obtained a

meaningful answer to the problem when he presented the equations giving the

stress distribution around an empty circular hole. Today , sev eral handbooks

summarize the findings on stress concentrations and make them available to

nec rs I ii ;~c 1 i.csy— I n— ti se form . Among the inns L p o p u l a r , i _ I ce  books b y

l’clerscm and ~~~~~~~ can be mentioned.

Scien tis ts and engineers ,after worrying about the increase in stress

associated with changes in shape ,ar e beg inning to consider now the possi-

bil ity of controlling those changes to minimize the stress and optimize the

shape. It seems logical in the development of these studies that the

optimization of shapes has to follow the knowledge of the stress concen-

trations. The subject is of particular importance today when mankind will

be making a strong effort to save energy and materials. The methods and

cri teria to be presented in this paper are general , but the new examp les of

app lication have been selected less for the technological importance than as

illustrations and means of exciting the imagination of designers and students.

11._S —~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~V
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~ Previous Contributions

O p t i m i z a t i o n  of the shape of f i l l e t s  and I c o l & ~ in ~ t ross fields has

i nt e r e s t e d  few peop le so f a r .  One of i _ I c c -  f i i  St  r~ t 1 r e n . e~~ , by imp l i ca t i on ,

can be found  iii  a d i s cuss ion  b y g i c l i mon d oi -i 1~ c~~er  b y M i n d l i n . i t  is

po in ted  out  tha t  if  a square t u n n e l w i t h  round ed  c o r ner s  is present in a

semi—space . there I ;  a pa rt icul ir va l ue of 1ic ~ r I d u I 1 ~ of the t i l  lets at the

corners of the square that wi ll optimize i_ Ice stress distribution. W h et h er

the val ue of the radius is smal le r  or l a rger  than  , D being the side of

the square , the stress concentration will increase.

An important contribution was made in an early paper by lSerkey~
5
~ who

studied systematically the stress concentration associated with elliptical

fillets with i_lie purpose of reducing the concentration at a shoulder. The

attempts by Bau l~
6
~ and by Lansard~

7
~ should be mentioned in spite of t~~e

V 
c i n U o r t u i i a t e  r e f er e n c e  to a non—existing analogy . Some further reference to

the problem is imp lied in a section in Peterson ’s handbook~
8
~ when the stud y

of concentrations associated with noncircular fillets is introduced.

(9) . . . , ( l O) ( l l )
Kuske refers to the problem but it is in Heywood s books

where i_ lie subject has been dealt with more extensively ,  and in a nor~

practical way.

Some time ago the author used the concept of an ideal fillet , defined it

as a fillet without stress concentration and related it photoelastically to

the coincidence of i_ he boundary with an isochromatic fringe. Some references

(12) (13)(l4)(l5)
can b e found in a book , r epor t s  and early papers . Recently

Fra n cav i l l a  et al 06
~ at tempted the opt imizat ion of f il l e t s  using f i n i t e

e lement  me thods .  T h e  g e o m e t r i e s  t h e y  O l) L a i I IO d  ,howevcr  ,sliow sonic stress

concentrat ion . In t h i s  paper , besides reviewing the  problem of the

2
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o p t i m i z a t i o n  o fT holes and f i l le t s , the concept of efficiency fa ctor will be

introduced , and a t t emp t s  wil l  be made at optimizing complete boundaries ,even

those subjected to stresses of opposite signs.

For the purpose of completeness it should be mentioned that another

approach has been followed sometime s, with th e same objective of increasing

strength by decreasing weight. It consists in adding new discontinuities to

the original one. So it can be shown that a row of holes, or fillets may

p r od uce a sma l l er s t ress c on cen t r a t i o n  th a n  a s ing le hole , or f i l l e t .  One

of the  first contributions to this method was made by Thum and Svenson 
(17)

•

Further studies can be found in other  papers b y one of the authors  
( l8 ) ( l9)

and more recently by Erickson and Riley (20) The scope of this paper is

l imited to the opt imizat ion by chang ing the contour  of the d i scon t inu i ty.

A pproach  10 the  SI ) lot  ion

I t  is possible to use a computer and an appropriate program to develop

(16)
a contour  that wil.l minimize the stress as was done in . It seems more

efficient , h owev er , to use photoelasticity. Two—dimensional photoelasticity

is very well developed by now, and the ma chining of models and the photo-

grap hing of records can be done as routine operations in well—organized

lal,oratories. The optimization can be accomp lished by manual filing of

boucidar ics as s u g ges t e d  Iii (12)

The proposed method has alread y been app lied to the solution of two

problems of technological in teres t :  1) the ti p of the several rays of s tars

in perforated solid propellant grains used for rocket propulsion , and 2)

the transition between the blade and the dove—tail joint in a t u rb ine .

The tip of the star in solid propella nt grains was originally designed

either with one circular fillet tangent to the two sides of each ray or with

3



a fla,t botton connected through two small circular fillets to t h e sides of

c.ichi  c c v  (F i 1~. I ) .  in the f i r s t  case the maximum st ress , given in a photo—

e lasti c model by the maximum order oiV the isochromatlc fringe , is at the

i x i s  of t h e  r ay .  In the second case , l e f t  side of Fi g. 1, the maximum

stress  takes place at  the corners . I t  can be observed tha t  at these points

both  the f r i n g e  order and the density of the fringes are higher. A very

small amoun t of mate r i a l  at  i_ lie boundary of the fillet is subjected to a

very hig h stress.

The second examp le refers to i_ lie t r a n s i t i o n  between the  b lade  and i_ l i e

dove—tai l that joins it to the rotor  of the turbine . It was

or ig inal ly designed using c i rcular  f i l l e t s , of relatively large radii in

th is case, as shown on the left of Fig.  2.  The isochromat ic  p a t t e r n  in  t h e

phioloelaslic mode f indicates dense fringes with a h i gh order at i_ lie bottom

of the fillet.

The appearance of isochromatic fr inges at th e boundary of ideal fillets

is shown on t h e  r ig h t  s.ide of Figs.  I and 2. The de c i d i n g  c h a r a c t e r i s t i c  is

that  a fringe coincides with appreciable length of the boundar’ of the

f i l l e t .  When the boundary in te rsec ts  another  f r inge  the l a t t e r is of a

lower order. Strain , and energy , therefore are not concentrated on a small

port i nit of t h e boundary but distributed on a long p a r t  of it. An even more

striking examp le is shown in Fig. 3 which represents the tip of a

star in a solid pr opellant grain.

Th e t rans forma t ion of the shape f r om the ori ginal desi gn to the op t imum

d esign show n on lice right side of i_ lie l igures can be done in a r e l a t i v e ly

shor t time wi th  a hand f i l e . The opera tor star ts remov ing ma teria l by filing

off zones of low s tress .  This decreases the order of the f r inge  a t  the zone

of concen tra tion and increa ses it at the zone of low s t ress .  If the

4
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pc r i  I I O i l  1 0  c c ) i l t h I I I  I ccl lii . c  I c  rf~e l ie  Id diffused li ght polar i op t  t h e

o per a t o r  can watch Lhte transferring of fringes as he files and in a shor t

w h i le  reaches i_ lie moment when one s ing le f ringe coincides wi th  the b oundary

of t h e m~d e i .  The manual operation of filing may introduce some logical

irregu larities as shown in Fig. 1. If more precision is desired a second

mode l should be machine d as shown in Fi g. 2 , with a fiLlet shape corre-

sponding to the one obtained by filing and , if necessary , further refinement

can be obtained by app lying i_ l i e  same operation of f i l i n g  to th e second mode].

In the two cases reported abov e the optimum shape is obtained af ter  onl y

sli ght chang es in geometry.

Front a practical point—of—view a further consideration should be made.

It has been found that frequentl y the optimum fillet shape can be fitted

w i t h  two or more c i r c l e s  so that neig hboring c i r c l e s  have common tangents.

(: r i t  ci

The definition of the problem requires the specification of the con-

straints imposed by the design. In the two cases mentioned above the

optimization was obtained with very little change in geometry. That was

all i_ hat was permit ted by the functional requirem ents.  Of course , the

opt imizat ion problem may have several answers if the functional requirements

permit appreciable changes in design.

An improved design , obtained following the procedure outlined above ,

always brings the stress concentration value down . However , i t  may not

always be clear whether the design is optimum . It is proposed here that

i_ lie “degree of optimization ” be evaluated quantitativel y as a coefficient

of efficiency, k ff. For the case where the tangential  s tress o i_ is of
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t ile sante si gn a l l ,  a long the boundary , k f f  
can be defined as

E
S
’o ds

k f f  s0 - (S l~ SVo )O i~ p.

where °-iU represenis i_he maximum allowable stress and S
1 

and S
0 

are the

limiting points along the boundary. For the case of both tensile and com-

pressive stresses, k ff is computed as a weig
hted average of the efficiency

factors along i_lie tensile and compressive portions of the boundary . Taking

the weighting factor in terms of boundary lengths yields

k 

f

Sl 
o~ds 

S
l
_S

O 
f

2 
~d

eff 
— 

(S1
_S
0)o+~ 

S2
_S
O (S2

_S
l)(l iQ 

S2~So

k ff  = 

~2 O  

~Jb o~ds 

+ 

1

S
2 

~d

aU

where the positive and negative superscri pts re fe r  to tensile and com-

pressive stresses respectively .

A coefficient of efficiency equal to one is a limiting case and

corresponds to a boundary withou t stress concentration , subjected every—

wherc~ to t h e same stress. The circular hole in a hydrostatic field is

an examp le. The close r k
f f  is to one, the more efficient the desi gn.

6
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li c e c r 1  1~~r J o  I i c r  opt  lvi i z.i ion will depend on the criterion for failure .

If the boundary to be optimized is subjected to both positive and negative

stresses , the integration along the boundary should be conducted using

absolute values for the s t r esses .  If the component is designed for a

material t h at has i_ l i e same a liowa ble maximum stress under tension as under

compression , the ith.al shape would have equal values for both peak s tr esses , the

tensile and the compressive. If , as is the case for brittle materials , the

maximum allowable tensile stress is only a fraction of the maximum allowable

compressive stress, the ratio between the two peak stresses in the optimum

design would be the same as the ra t io  of the two a l lowable  maximum s t resses .

The redesign of a circular tube or ring, to optimize the inside

boundary , will be used as example of the application of the c r i t e r i a  and

the procedure mentioned above. The problem has application in the field of

tunnel and p i pe design , but it wi l l .  be present ed mainl y as an a ca demic

i ii ccl, Icc , I o I I I in; I c i i  I l i e  met I i i  R h .  I t  w I h I h o ; iosci ic i t ~d L h a l  t lie inn t c. r I a I t o

be used in the manufacture of the tube has the same maximum allowable

tensile and compressive stresses. Another exaiicp le to be shown wil l  be the

case of a thin straight bar of rectangular cross—section. The bar has a trans-

verse circular hole and is subjected to axial loading . The optimization

will be conducted for a different allowable stress in tension and in

•
comp~~ ssbot~

The Ring Under Diametra l Compression

The circular ring subjected to diam etra l compression has been the

object of many experimental anal yses (see among others ( 2 1 ) ) .  In a future

paper it is planned to study parametrically the properties of the ring as

i_ l ie  rat io between i_ l ie  outside and inside diameters varies and to a t t empt

7
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o p t i m i z a t i o n  of i_ lie inside boundary f o r  the whole range of th ickness.  In

this paper the pr ocedure wi l l  be il lustrated for th e case 0 . 5 3 .  The

constraints  of the problem are : a) the outside boundary has to be kept

circular; b) the inside bounda ry has to clear the circle of diameter

0 . 5 3  OD; c) the allowab le maximum stress for tension is the same as fo r

compression .

Op t i m i z a t i o n  of the Ring

Two stress concentration factors (taking the average a over the

horizontal section of symmetry as reference) are of particular interest.

The one of compression takes p lace at the intersection of the inside

boundary with the horizontal axis and the one of tension at the inter-

sec t ion of the vertical axis with the same boundary . For the = 0.53

ring these factors are 6.0 and 6.6 respective ly. The efficiency

c o e f f i c i e nt is 0.587.

FollcMing the procedure of removing material from low stress regions

the shape shown in Fig. 4 was developed . Photoelastic analysis of the

pattern indicates that both stress concentration factors have decreased to

5 and the efficiency coefficient has increased to 0.952. The tensile

stress concentration which is the governing one in many designs has been

decreased by nearly 25%. The saving in the weight of the material used

is 10% .

The stress cli ~ t ribiit ion over the inside boundary for i_ lie circular ring

and for the optimized geometry is shown in Fig. 5.

The empirically developed inside geometry has been fitted with a

combination of circles of different diameters and common tangents at the

points of intersections. The geometry of the optimized shape is shown in

Fig. 6.

8 
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rIle imp rovement obtained in the s t r ength  of r ings designed us ing

opt  j m izud  ins ide  boundaries has been det ermin ed b y b r e a k i n g  Lbi r , e p lain

circular rings and three optimized rings, made of 0 .5  in. t h i c k  hlomelit e

100 p Lates. The increase in strength was 20.6 % . The range of values of

each set of measurements was limited by a var ia t ion of ± 6% of the

average .

The Perforated Plate Under Axial Loading

In industrial applications a plate may have to be p e r f o r a t e d  f o r

( l i f t e r e n t  reasons: to permit i_ lie passage of another component (a bar for

ins tance) or to make the plate ligh ter , and still sufficiently r ig id. In

the case of walls , or tunnels , the pe r fo ra t ion  is a passage . Frequen t ly

the geoccietry given to the perforation is circular , bu t for functional

requi remen ts the perf ora tion may be square , or rectangular.

Th i t  inn x i  , nh icn S t  r ci i i  t h e  i dge of I l i e  ( I re cii a r In ch c. tokes  , la~’c ~ L

i _ l i e  t r a n s v e r se  c r o ss— se ct  ion and f o r  t Iii’ very wide p 1 a i_ c i i_ s order is 3

when the stress on the gross area is taken as r e fe rence . A s t r e s s  n f

oppos i t e  si gn , of orde r 1, on the edge of the h ole takes place at the

long i t  nil i nn  I ax  i s .  As the  w id t h i  of i _ l i e  p l a t e d  decreases  in r e l a t i o n  to

i_ l ie  d i am e t er  of i_ l i e  h o l e , t h ose v i l ue s  of s t resses  increase .  If

material used for the plate is metal , and th e plate is subjected to

axial tens i h e  I oa cl  l o g ,  p o i n t s  on [l i e  ( ( h ~ e of t h e  h i ou c i da  rv n ea r  t he  t r a n s  —

verse c r o s s— s ec t i o n  are much closer to f a i l u r e  t h an  those near  lice

l o n g i t u d i n a l c r o s s— s ec t i o n  (un less  b u c k l i n g  is invo lved) .  I f

i_ lw probl em is a tunne l under compr essive  load , and t h e  m a t e r i a l  used is

br ittle , the  points  a t  the lon gi tudinal  axis may fail  under tension , much

befo re  those at  the transverse axis would fail under compression . Similar

conside ra t ions  can be app lied to the square hole , the si tuation being more

compl icated because of the possible appearance of co n c e n t r a t i o n s  a t  the

corners .

9
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l i i i  ~ t I~ i I  :~. i I  i ‘‘ ci  n i  t h is t y 1 s -  of discontinuity depends on t h e relation

be Lwt . c . n  i _ Ic c w itt i_ li W ~ t [l ie  p h at  c. acid i _ Icc. d lance i_ c r I) of t h i ~ ho he  , and on i_ lie

relative a t  Iowab l c  stress of i_ lie material under tension and comp ression .

The optimization procedure wi l l  he i l l u s t r a t e d  fo r  the case 
~,
, = 0. 6 The

colis t m i n t s  ol the problem are: a) i_lie inside b o u n d a r y  has to  lie inh ct w e cn

the circle of diameter 0 and the square of side l~; b) the allowable maximun~

stress for compression is 2.3 times i_ l ie al lowable stress fo r  tension (case

of some brittle materials).

Op t imiza t i on  of the Hole in the Plate

The stress concentration factors (taking the average a over the

transverse gross area as r e f e rence)  are of particular interest.

The one at the transverse axis is 5.1 for the circular hole , and 3.77 for

the optimized h ole ; i_ lie one at  i_ l ie  l o n g i t u d i n a l axis is 2 . 2  fo r  t hc c

c i r c u l a r  h o l e  and 1.63 for the op t imized  hole.  The max imum s t resses  h a y ’ :

been r educe d h)y 26Z. The si~’.e of i_ l i e  h o l e  has been increased  by 2 2 . 8~~.

The e f f i c iency c o e f f i c ien t of the circular hole is 547.. The e f f i c i e n c y

coefficient of the optimized hole is 90%.

Conclusion

I t  has been shown that two—dimensional phi otoelast ic i ty  can be used

ef f e ct i v e ly to op t imize  the bound aries  of p l a t e s  loaded in their  p lane .

The concept of “coefficient of efficiency ” has been introduced to evalua te

the  degree of the optimization . Two i l l u s t r a t i v e  p r o b l e m s  have been

solved: a circular tube (or r ing)  under  d i amet ra l  compression and a

p e r f o r a t e d  p la t e  loaded axia l ly . The e f f i c i ency  coe f f i c i en t  of the tube

II )



ca ’ bc c. Ii l i i i  c’o :L ’ l I i c u i i  D.~~hi to 0.952 , and th e one of the plate from

0 .5~+ to 0.90. I i i  b o t h  LOSeS i _ Ice  max imum stress ha s been decreased by

i b o u t  .~~~~~~~. l i c e  wei g h t  of the ring has been reduced by 10% and the  size of

i_ h e h o l e  oh i_ Icc p l a te  has been increased by about 23%.  The increase in

the  s t r e n g t h  ol t h ~e r ing  made of a b r i t t l e  m a t e r i a l  was 20.67..
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